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INTRODUCTION 
onstruction of mathematical models of tumor-

immune system interaction dynamics demands the 

Understanding of biological dynamics of tumor-

immune system interaction. The biological concepts of 

tumor-immune system interaction had passed through 

some era. From the era of immunosurveillance that 

hypothesizes immune system capacity to recognize and 

eliminate nascent malignant cells, initially embody in 

cancer [1], to the era of immunoediting which 

hypothesizes that the interaction might be responsible 

for both elimination and sculpting of the immunogenic 

phenotype of tumor that eventually formed in the 

immunogenic host [2, 3]. The immunoediting 

hypothesized three possible outcomes of the interaction 

include, elimination phase a state of recognition and 

elimination of tumor pathogen by the immune system. 

The equilibrium phase is a state where the tumor cell and 

immune system dynamically balance (when anti-tumor 

immunity control tumor growth but does not eliminate it  
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and tumor cell appears dormant) [4, 5]. The last phase is the escape phase, a state 

where the immunosuppressive mechanism allows tumor cell to escape from 

control and grow in an unrestricted manner [6, 7, 8]. The interactions between the 

immune system and tumor occur through complex events that usually eventually 

climax either in successful tumor eradication or immune evasion [9]. 
 

The most demanding challenges in the immune system and cancer are the 

comprehension of how the immune system affects or influence cancer 

development and progression. In response to these phenomenological dynamics 

of tumor-immune system interaction, researchers had explored the prey-predator 

and competitive model to model the interactions. The introduction of 

continuously incoming experimental observations and clinical findings are usually 

doing by the researchers. The observed modifications are mainly on the sign of 

nonlinear terms of these models as in [10, 1, 11, 12, 13, 14]. The choice of 

mathematical model for tumor growth had always been discretionary as the 

choice ranges from the simple to the complex and from linear to exponential. 

studies. In this work, we propose a dual aggressive model for tumor-immune 

system interactions. The stability analyses of tumor-free steady states are stable 

when the body cells do not divide excessively (proliferation rate is less than their 

death rate) and the tumor-present steady state is saddled with the likelihood of 

possible elimination or escape of tumor. This has given birth to an immunoediting 

conformed model. To further enhance our understanding of model prediction, 

we introduced time delay to model the time taken by the immune system to 

accumulate necessary antibody[s] to eliminate tumor and the time taken by the 

tumor cell to suppress immune cells for possible evasion. The introduction of 

delay effect change of stability from unstable to uniformly asymptotically stable 

for tumor-present steady state. Bifurcation analysis yields both the direction and 

the corresponding estimated value for preserving the stability of the tumor-

present steady-state. Numerical simulation results validate the analytical results 

and further provide a graphical overview of the interaction. 

     

 Keywords: Tumor-Immune system interaction; Immunoediting; prey-predator 

model; competitive models; Time Delay models. 
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Most complex models selected by the researchers contains either linear or 

exponential phases or takes into account the phenomenon of angiogenesis or the 

sigmoid-shaped models like logistic and Gompertz models with the assumption 

that the carrying capacity is dynamic (time dependent). Another selection is the 

tumor growth model with the apoptosis to factor the volume for loss mechanism 

of the solid tumor as discussed in[15]. The need for a new mathematical was 

recommended in [16, 17]. Recently, a differential equation model was proposed 

for tumor growth in [18, 19] which demonstrate the universality of known tumor 

growth models properties. 

A competitive model to describe the binding and detaching of effector cell and 

tumor cells without damaging of cells were proposed by [12] and steady states 

were obtained for sneaking through and dormancy state of the tumor. Gallach in 

[20] simplified and modified the work of Kuznestov [12] by making the immune 

cells aggressive which turned the work to a prey predator model. Many 

researchers like [14, 10, 21, 22] among others had used the concept of Prey-

predator to model tumor-immune interactions with small changes among the 

variable of their models. Prominently reported in their findings is the existence of 

periodic solutions. The presence of a periodic solution suggests that the model did 

not account for total elimination or escape of tumor. Kuznetsov et al. [23] in the 

buildup of their model while defining the kinetic constant k1 “for binding the 

effector cells and tumor cells without damaging the cells” highlights the non-

aggressiveness of their model. 

 

The inclusion of time delay in modeling the biological process in tumor-immune 

system interaction has attracted more contributions in recent time. Gallach in [20] 

introduced a delay acting on the nonlinear term of a prey-predator model to 

capture the time needed by immune cells to develop a suitable response after the 

recognition of tumor cells. Yafia in [24] extended the work of Gallach [20] to study 

a nonaggressive immune system, this returned the model back to the competitive 

model. A hybrid of prey-predator and the competitive model was used by Sandip 

and Ram in [25] to model the process taking by a resting immune cell to convert 

to hunting by introducing one delay to the nonlinear term of their model. Alberto 

et al. in [26] introduced delay to simulate the effect of tumor on immune cells 

proliferation, the process of proliferation of tumor and the response of the 

immune system to the tumor. Ping and Shigui in [27] building on the premises of 
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d’Onforio work added two delays to the linear terms of both tumor and effector 

domain. A competitive model with two delays was proposed by Khajanchi et.al. in 

[28]. 

It is noteworthy that, both the prey-predator and competitive model had not 

successfully accounted for elimination or escape of tumor. The results obtained in 

these models suggest a periodic or oscillatory solution as outcomes of the 

interaction, This suggestion of periodic or oscillatory solution contradict 

immunoediting hypotheses and also at variance to the biological realities. The 

immune system can store events to treat future re-occurrence. It is expected that 

a reoccurrence case will receive a prompt and adequate response based on the 

immune memorial orientation. The introduction of delay to both the prey-

predator and competitive models had not accounted for a switch of stability as 

the behaviors of the solution obtained in models without delay remains 

unchanged as acknowledged in [11, 13, 28]. 

Based on the observed need for improvements in these models to comply with 

biological realities, we propose a dual-aggressive model of tumor-immune system 

interaction. The remainder of this work is organized as follows. In Section 2, we 

proposed a modified model and obtained its stability analysis. In Section 3, we 

introduced a delay to model the complex biological process of the interaction to 

see a possible change of stability status. In Section 4, the bifurcation analysis of 

the model was carried out to obtain both stability switch direction and the 

corresponding value for delay lengths. In Section 5, we validated our analytical 

results numerically. Finally, in Section 6, the Discussion of the result and their 

clinical implication were highlighted. 

 

Formulation of the Tumor-immune Interaction Model 

Biomedical studies have it that, the outcome of tumor-immune interactions is 

based on a number of highly unrelated parameters such as tumor “foreignness” 

(immunosurveillance) and T-cells  inhibitory mechanisms (immunosuppression) 

[29]. This interaction resulted in either Tumors’ elimination or escape. We begin 

the formulation of our model by considering the immune system interaction with 

tumor cells with both the tendencies of recognition and elimination of tumors cells 

and the suppression of the effector cells by the tumor cell for possible evasion. 

The tumor-immune system interaction is described by equation (1), the inclusion 
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of the inhibitory mechanism of tumor cells is an unusual feature in our model, 

making the model dual aggressive. 

 

𝑑𝐸

𝑑𝑡
= 𝛼𝐸(𝑡) + 𝛽𝐸(𝑡)𝑇(𝑡) − 𝜃𝐸(𝑡)                                                                

𝑑𝑇

𝑑𝑡
= 𝛿𝑇(𝑡) + 𝛾𝐸(𝑡)𝑇(𝑡) − 𝜗𝑇(𝑡)                                                        (1) 

 

With initial conditions  

𝐸0 = 𝐸(0) 𝑎𝑛𝑑  𝑇0 = 𝑦(0), ∀ 𝑡 ∈ [𝑡0, 𝑡]. 

 

where equation (1) is based on the following biological narrations. 

 

• The rate of changes in population density of effector cells ’E’ is a sum of the 

proliferation rate of effector cells 𝛼 and the immunosurveillance rate 𝛽  to 

eliminate the  tumor cells         minus the deactivation or death rate 𝜃 of the 

effector cells as a result of the interaction with tumor cells. 

• The rate of changes in the population density of tumor cells ’T’ is a sum of 

proliferation rate of the tumor 𝛿 and the inhibitory rate of effector cells by 

the tumor 𝛾 minus the death or dormant rate of the tumor cells 𝜗. 

 

The population of tumor in Equation (1) is modeled by a differential equation. This 

is to effectively solve the problem of choice arising from collection of growth 

models like logistic, gompertz, power models and others. The model of the tumor 

growth by differential equation harmonized other tumor growth models for 

tumor as in [14, 18, 30]. This model of tumor growth model as singled out from 

equation(1) is given below: 

 

𝑑𝑇

𝑑𝑡
= 𝛿𝑇(𝑡) − 𝜗𝑇(𝑡)                                                                               (2)   

 

Where 𝛿  represents the growth rate of tumor and 𝜗 (T(t)) represents the death 

rate of the tumor. Equation (2) gives a good basis to determine the tendencies of 

tumor growth as 𝛿 (T(t)) > 𝜗 (T(t)) indicates growth of tumor, 𝛿 (T(t)) < 𝜗 (T(t)) 

indicates decay of tumor and 𝛿 (T(t)) = 𝜗 (T(t)) indicates tumor dormancy. To 

describe the points at which the population densities of the tumor and effector 
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cells are unchanged and the behaviors of the model near these steady states, we 

considered the steady states and their stability in the next section. 

 

Steady States and Stability for Model without Delay 

Equation (1) has two biological relevant steady states namely; (E∗, 0) = (α = θ, 0) 

and  

 

(E∗, T∗) = (
ϑ − δ

γ
,
θ − α

β
) 

 

By linearizing equation (1), the characteristic equation becomes  

 

[𝜆 − [𝛼 + 𝛽𝑇∗ − 𝜃]][𝜆 − [𝛿 + 𝛾𝐸∗ − 𝜗]] − 𝛽𝛾𝐸∗𝑇∗ = 0          (3) 

 

Lemma 1: The tumor -free steady- state (𝐸∗, 0) = (𝛼 = 𝜃, 0) is always unstable. 

 

Proof: substituting (𝐸∗, 0) = (𝛼 = 𝜃, 0) into Equation (3), we have  

𝜆1 = 0, 𝜆2 = 0                                                                   (4) 

Since, the Eigenvalues are zero, and then the tumor -free steady- state is unstable 

and non-invertible.  

 

Lemma 2:  The tumor-present steady-state (𝐸∗, 𝑇∗) = (
𝜗−𝛿

𝛾
,
𝜃−𝛼

𝛽
) is always unstable 

and saddled.   

 

 

Proof: substituting (𝐸∗, 𝑇∗) = (
𝜗−𝛿

𝛾
,
𝜃−𝛼

𝛽
)  into Equation (3), we have  

𝜆 = ±√[θ − α][ϑ − δ]                                                       (5) 

The tumor-present steady-state (𝐸∗, 𝑇∗) = (
𝜗−𝛿

𝛾
,
𝜃−𝛼

𝛽
) is unstable saddled. The 

outcome of the interaction is dynamical and might climax into either tumor 

elimination or escape. 

 

Theorem 1 (The Bendixson Dulac Theorem [31, 32]): Consider a planar differential 

system, 
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�̇� = 𝑝(𝑥, 𝑦),̇  �̇� = 𝑄(𝑥, 𝑦) 

defined in some open simply connected subset 𝑈 ⊂ 𝑅2, 𝑎𝑛𝑑 𝑠𝑒𝑡  𝑋 =

(𝑃, 𝑄). Assume there exist a L function  𝐷: 𝑈 → 𝑅 such that 

𝑑𝑖𝑣(𝐷𝑋) =
𝜕[𝐷(𝑥, 𝑦)𝑃(𝑥, 𝑦)]

𝜕𝑥
+
𝜕[𝐷(𝑥, 𝑦)𝑄(𝑥, 𝑦)]

𝜕𝑦
≤ 0 (𝑜𝑟 ≥ 0). 

vanishing only on a set of zero Lebesgue measure. Then system (1) has no periodic 

orbits contained in U. This function D is usually called a Dulac function of the system. 

 

Using the Dulac Bendixson criteria with auxiliary function 
1

𝐸𝑇
 in Equation (1), we 

have  

𝜕 [
1
𝐸𝑇 [𝛼𝐸

(𝑡) + 𝛽𝐸(𝑡)𝑇(𝑡) − 𝜃𝐸(𝑡) ]]

𝜕𝐸

+
𝜕 [
1
𝐸𝑇 [𝛿𝑇

(𝑡) + 𝛾𝐸(𝑡)𝑇(𝑡) − 𝜗𝑇(𝑡) ]]

𝜕𝑇
                     (6) 

Obviously, Equation is equal to zero. Then 𝑑𝑖𝑣(𝐷𝑋) = 0 it translates into 

nonexistence of periodic solution for Equation (1). 

 

THE MODEL WITH TIME DELAY 

The solution of equation (1) suggested a complicated situation with the likelihood 

of elimination or escape of tumor. We introduced delay into the interactive terms 

of the model to describe the time taken the effector cells to accumulate necessary 

antibody[s] to attack the tumor cells 𝜏1 and 𝜏2 is the time taken the tumor cells to 

build inhibitory mechanisms. 

 

𝑑𝐸

𝑑𝑡
= 𝛼𝐸(𝑡) + 𝛽𝐸(𝑡 − 𝜏1)𝑇(𝑡 − 𝜏2)

− 𝜃𝐸(𝑡)                                                                                            
𝑑𝑇

𝑑𝑡
= 𝛿𝑇(𝑡) + 𝛾𝐸(𝑡 − 𝜏1)𝑇(𝑡 − 𝜏2)

− 𝜗𝑇(𝑡)                                                                                (7) 

 

With initial conditions  

𝐸0 = 𝐸(0) 𝑎𝑛𝑑  𝑇0 = 𝑦(0), ∀ 𝑡 ∈ [𝑡0, 𝜏]. 
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Stability Analysis of Model with Delays 

It is ruled that the model with the delay shares the same steady states with model 

without delay. The linearization of system (7) yields 

 

= 𝐽0𝑇′
𝐸′ + 𝐽𝜏1𝑒

−𝜆𝜏1 + 𝐽𝜏2𝑒
−𝜆𝜏2 .                                                                                     (8) 

     

Where the quantity 𝐽0 is the usual Jacobean with respect to time without delay 

evaluated at the steady-state (𝐸∗, 𝑇∗) while the matrices 𝐽𝑖  are the Jacobeans with 

respect to the corresponding delays. The Jacobean Matrix becomes 

 

𝐽 = (
𝛼 + 𝛽𝑇∗ − 𝜃 + 𝛽𝑇∗𝑒−𝜆𝜏1 𝛽𝐸∗ + 𝛽𝐸∗𝑒−𝜆𝜏1

𝛾𝑇∗ + 𝛾𝑇∗𝑒−𝜆𝜏2 𝛿 + 𝛾𝐸∗ − 𝜗 + 𝛾𝐸∗𝑒−𝜆𝜏2
).                                  (9) 

 

The characteristics equations becomes,  

 

𝜆2 + [(𝛼 + 𝛽𝑇∗ − 𝜃 + 𝛽𝑇∗𝑒−𝜆𝜏1) + (𝛿 + 𝛾𝐸∗ − 𝜗 + 𝛾𝐸∗𝑒−𝜆𝜏2)]𝜆

+ (𝛼 + 𝛽𝑇∗ − 𝜃 + 𝛽𝑇∗𝑒−𝜆𝜏1)(𝛿 + 𝛾𝐸∗ − 𝜗 + 𝛾𝐸∗𝑒−𝜆𝜏2)

− (𝛽𝐸∗ + 𝛽𝐸∗𝑒−𝜆𝜏1)(𝛾𝑇∗ + 𝛾𝑇∗𝑒−𝜆𝜏2)

= 0.                                        (10) 

 

Lemma 3:  The tumor-present steady-state  (𝐸∗, 𝑇∗) = (
𝜗−𝛿

𝛾
,
𝜃−𝛼

𝛽
) of characteristic 

equation (14) is locally asymptotically stable for 𝜏 < 𝜏𝑛, but become  unstable at 𝜏 ≥

𝜏𝑛. Where 𝜏𝑛  represents the point at which stability switch occurs. 

 

Proof: substituting (𝐸∗, 𝑇∗) = (
𝜗−𝛿

𝛾
,
𝜃−𝛼

𝛽
)  into Equation (10), we have  

 

𝜆2 + [(𝜃 − 𝛼)𝑒−𝜆𝜏1 + (𝜗 − 𝛿)𝑒−𝜆𝜏2]𝜆 + (𝜃 − 𝛼)𝑒−𝜆𝜏1(𝜗 − 𝛿)𝑒−𝜆𝜏2

− (𝜗 − 𝛿)(𝜃 − 𝛼) − (𝜗 − 𝛿)(𝜃 − 𝛼)[𝑒−𝜆𝜏1 + 𝑒−𝜆𝜏2 + 𝑒−𝜆[𝜏1+𝜏2]]

= 0.                        (11) 

 

When 𝜏1 = 𝜏2 = 0, that is when there are instantaneous accumulate of necessary 

antibody[s] by immune cells,  and building of  inhibitory mechanisms by tumors, 

Equation (11) becomes 
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𝜆2 + [(𝜃 − 𝛼) + (𝜗 − 𝛿)]𝜆 − 3(𝜗 − 𝛿)(𝜃 − 𝛼) = 0.                                          (12) 

 

It follows from Routh Hurwitz criteria that Eqn. (12) has negative roots if and only 

if  𝜗 > 𝛿 and 𝜃 > 𝛼. Thus, the tumor-present steady-state is locally asymptotically 

stable for 𝜏 = 0 if 𝜗 > 𝛿 and 𝜃 > 𝛼. 

 

When 𝜏1 ≠ 0  𝑎𝑛𝑑 𝜏2 ≠ 0, that is when accumulation of necessary antibody[s] by 

immune cells, and building of inhibitory mechanisms by tumors are non-

instantaneous. In order to ensure fair tumor-immune interaction in system (7), we 

limit our scope to when 𝜏1 = 𝜏2 = 𝜏 to illustrate that the process of building armed 

combat by both tumor and immune system are spontaneous. Setting 𝜆 = 𝑎 + 𝑖𝑤, 

where 𝑤 is a real number, and re-writing the exponential in trigonometric forms 

in Equation (7), we have 

 

−𝑤2 + [(𝜃 − 𝛼) + (𝜗 − 𝛿)][𝑐𝑜𝑠𝑤𝜏 − 𝑖𝑠𝑖𝑛𝑤𝜏]𝑖𝑤

+ (𝜃 − 𝛼)(𝜗 − 𝛿)[𝑐𝑜𝑠𝑤2𝜏 − 𝑖𝑠𝑖𝑛𝑤2𝜏] − (𝜗 − 𝛿)(𝜃 − 𝛼)

− 2(𝜗 − 𝛿)(𝜃 − 𝛼)[𝑐𝑜𝑠𝑤𝜏 − 𝑖𝑠𝑖𝑛𝑤𝜏] − (𝜗 − 𝛿)(𝜃 − 𝛼)[𝑐𝑜𝑠𝑤2𝜏

− 𝑖𝑠𝑖𝑛𝑤2𝜏] = 0.   (13) 

 

Separating real and imaginary parts, we have 

 

𝑤2 = 𝑤[(𝜃 − 𝛼) + (𝜗 − 𝛿)]𝑠𝑖𝑛𝑤𝜏 − 2(𝜃 − 𝛼)(𝜗 − 𝛿)𝑐𝑜𝑠𝑤𝜏 

(𝜗 − 𝛿)(𝜃 − 𝛼) = 𝑤[(𝜃 − 𝛼) + (𝜗 − 𝛿)]𝑐𝑜𝑠𝑤𝜏 + 2(𝜃 − 𝛼)(𝜗 − 𝛿)𝑠𝑖𝑛𝑤𝜏       (14) 

 

Squaring each equation in Equation (14) and summing the results yield 

 

𝑤4 + [(𝜗 − 𝛿)(𝜃 − 𝛼)]2 = 𝑤2[(𝜃 − 𝛼) + (𝜗 − 𝛿)]2 + 4(𝜃 − 𝛼)2(𝜗 − 𝛿)2.      (15) 

 

Defining 𝑤2 = ℎ, Equation (15) becomes 

 

ℎ2 − [(𝜃 − 𝛼) + (𝜗 − 𝛿)]2ℎ − 3(𝜃 − 𝛼)2(𝜗 − 𝛿)2 = 0                                  (16) 
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Since the constant term in Equation (16) is negative, then Equation (16) has one 

positive root, there exist an occurrence of hopf bifurcation and 𝜏  destabilizes the 

tumor-present steady-state.   

In the following, we derive the corresponding value of  𝜏  at which Hopf bifurcation 

occurs and the direction of the switching. Solving for 𝜏  in Equation (14) yields 

 

𝜏𝑛 =
1

𝑤
cos−1 (

𝑤(𝜗 − 𝛿)(𝜃 − 𝛼) − 2𝑤2

𝑤2[(𝜃 − 𝛼) + (𝜗 − 𝛿)] + 4(𝜃 − 𝛼)(𝜗 − 𝛿)
) +

2𝑛𝜋

𝑤
               (17) 

 

To obtain the transversality condition for the occurrence of the Hopf bifurcation 

at  𝜏 = 𝜏𝑛 , we differentiate Equation (11) with respect to 𝜏  putting  𝜏1 = 𝜏2 = 𝜏  to 

obtain 

 

(2𝜆 + [(𝜃 − 𝛼) + (𝜗 − 𝛿)]𝑒−𝜆𝜏 − 𝜏[𝜆[(𝜃 − 𝛼) + (𝜗 − 𝛿)]

+ 2(𝜗 − 𝛿)(𝜃 − 𝛼)]𝑒−𝜆𝜏)
𝜕𝜆

𝜕𝜏
= 𝜆[[(𝜃 − 𝛼) + (𝜗 − 𝛿)] + 2(𝜗 − 𝛿)(𝜃 − 𝛼)]𝑒−𝜆𝜏].           (18) 

 

Re-setting Equation (18) to reflect the changes in the form of 𝜏 yields 

 

𝜕𝜆

𝜕𝜏

−1

=
(2𝜆𝑒𝜆𝜏 + [(𝜃 − 𝛼) + (𝜗 − 𝛿)] − 𝜏[𝜆[(𝜃 − 𝛼) + (𝜗 − 𝛿)] + 2(𝜗 − 𝛿)(𝜃 − 𝛼)])

𝜆[[(𝜃 − 𝛼) + (𝜗 − 𝛿)] + 2(𝜗 − 𝛿)(𝜃 − 𝛼)]
.   (19) 

 

From Equation (11) when 𝜏1 = 𝜏2 = 𝜏, 

 

 

𝑒−𝜆𝜏 =
𝜆2 − (𝜗 − 𝛿)(𝜃 − 𝛼)

2(𝜗 − 𝛿)(𝜃 − 𝛼) + [(𝜃 − 𝛼) + (𝜗 − 𝛿)]𝜆
  .                                         (20) 

 

Substituting Equation (20) into (19), we have 

 



 

TIMBOU-AFRICA ACADEMIC PUBLICATIONS 
MAY, 2022 EDITIONS, INTERNATIONAL JOURNAL OF: 

 

 TIJSRAT 

SCIENCE RESEARCH AND TECHNOLOGY VOL.9 

360 ISSN: 2623-7861 

𝜕𝜆

𝜕𝜏

−1

=
2

[𝜆2 − (𝜗 − 𝛿)(𝜃 − 𝛼)]
+

[(𝜃 − 𝛼) + (𝜗 − 𝛿)]

𝜆[[(𝜃 − 𝛼) + (𝜗 − 𝛿)] + 2(𝜗 − 𝛿)(𝜃 − 𝛼)]

−
𝜏

𝜆
  .        (21) 

 

Hence, 

𝑆𝑖𝑔𝑛 {
𝜕𝜆

𝜕𝜏
}
−1

=
2

[𝜆2 − (𝜗 − 𝛿)(𝜃 − 𝛼)]

+
[(𝜃 − 𝛼) + (𝜗 − 𝛿)]

𝜆[[(𝜃 − 𝛼) + (𝜗 − 𝛿)] + 2(𝜗 − 𝛿)(𝜃 − 𝛼)]
−
𝜏

𝜆
 (22) 

 

Inserting 𝜆 = 𝑖𝑤 into Equation (22) and putting 𝑖 = −1 yields 

𝑆𝑖𝑔𝑛 {
𝜕𝜆

𝜕𝜏
}
−1

=
2

[𝑤2 − (𝜗 − 𝛿)(𝜃 − 𝛼)]

−
[(𝜃 − 𝛼) + (𝜗 − 𝛿)]

𝑤[[(𝜃 − 𝛼) + (𝜗 − 𝛿)] + 2(𝜗 − 𝛿)(𝜃 − 𝛼)]
+
𝜏

𝑤
 

 

Since the sign for the real part of 𝜆 = 𝑖𝑤 is negative, the transversality condition 

holds. Therefore, Hopf bifurcation occurs at 𝜏 = 𝜏𝑛where the stability switches 

from stable to unstable. 

 

Numerical Simulation 

In this section, we aim to validate our analytical results numerically. we selected 

from the recent work, biological meaningful parameter values as indicated in 

Table 1. Results obtained in previous sections are governed by the relation of 

death and proliferation rates of tumor and effector cells. This is mathematically 

expressed as 𝛿 < 𝜗 and 𝛼 < 𝜃 for growth and decay of the tumor and effector 

cells populations respectively. We simulated our models in these two scenarios to 

obtain a qualitative behavior of the model using parameters in Table 1. 

In Fig. 1, we obtained phase portrait for Equation (1) (Left) when (𝜗 < 𝛿) and (𝜃 <

𝛼) and the simulation revealed the existence of a whole stable region. A 

confirmation of the analytical result obtained in Equation (4). (Right) when (𝜗 <

𝛿)and (𝜃 < 𝛼), and the simulation revealed the existence of small stable region 

and a larger unstable region. A confirmation of the analytical result obtained in 

equation (5) as well.  
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Figure 1.: Phase Portrait of model [without Delay].  (Left) when 𝛼 = 0:1811; 𝛽 = 2:9;  

𝜃 = 1; 𝛿 = 0:8; 𝛾 = 3:5 and 𝜗 = 0:9. (Right)  when 𝛼 = 16; 𝛽 = 2:9;  𝜃 = 1; 𝛿 = 1; 𝛾 = 3:5 

and 𝜗 = 0:9 

 

Fig. 2 produced the quantitative solution of Equation (1). (Left) when (𝜗 > 𝛿) and 

(𝜃 > 𝛼). A stiff combative interaction that keeps tumor dormant was observed for 

some time until the effector cells showed weakness and tumor escape 

uncontrollably. (Right) when (𝜗 < 𝛿) and (𝜃 < 𝛼) it exhibits a longer combative 

interaction comparing to Fig, 3 resulting to tumor escape. Though an intermittent 

reappearance of effector cells is later recorded it doesn’t stop the escape of tumor 

cells. These confirmed the unstable status of equation (5). 

 

 
Figure 1. Numerical solution of Equation (1). (Left) when 𝛼 = 0:1811; 𝛽 = 2:9;  𝜃 = 1; 

𝛿 = 0:8; 𝛾 = 3:5 and 𝜗 = 0:9. (Right)  when 𝛼 = 16; 𝛽 = 2:9;  𝜃 = 1; 𝛿 = 1; 𝛾 = 3:5 and 𝜗 

= 0:9 
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 We simulated our model with delay in Equation (7) in Fig. 3. (Left) is when (𝜗 > 𝛿) 

and (𝜃 > 𝛼) and the numerical results revealed a brief combative interaction in the 

early stage of the interaction leading a sudden loss of control by the immune 

system and the tumor escape and start growing uncontrollably. (Right) accounts 

for a quantitative solution of the model with delay when (𝜗 < 𝛿) and (𝜃 < 𝛼) and 

it exhibits a longer combative interaction compared to the model without delay 

but stable until there is a switch in the stability status from stable to unstable as 

effector cells start to grow non-interactively and tumor remain stagnated for 

some period of time, only to start growing in a new pathway independent of 

effector cells. This phenomenon validates our analytical results for a change of 

stability occasioned as a result of delay and the existing of a non-periodic 

oscillation recorded in our bifurcation analysis. 

 

 
Figure 1.: Numerical solution of Equation (7). (Left) when 𝛼 = 0:1811; 𝛽 = 2:9;  𝜃 = 1; 

𝛿 = 0:8; 𝛾 = 3:5 and 𝜗 = 0:9. (Right)  when 𝛼 = 16; 𝛽 = 2:9;  𝜃 = 1; 𝛿 = 1; 𝛾 = 3:5 and 𝜗 

= 0:9 

 

Discussion 

In this paper, we had proposed a non-oscillatory delay model of tumor-immune 

system interaction bearing in mind the immunoediting hypotheses. Two steady 

states namely tumor-free and tumor-present were obtained analytically. We used 

phase portrait to reflect a possible 

outcome of the interaction in two scenarios, (i) when the proliferation rate of 

tumor and effector cells are less than the death rates which yields the decay of 

tumor (stable situation), and (ii) when the proliferation rate of tumor and effector 

cells are greater than their death rates which suggested a partial decay and 
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growth of tumor (unstable situation). The stability analysis of model without delay 

is unstable and non-invertible for tumor-free steady state and unstable for tumor 

present steady state. The tumor-present steady state is indeed saddled suggesting 

a probable tumor elimination or escape. 

To enrich our understanding of the biological complexities of the interaction, we 

introduced time delay to model the time taken the immune system to accumulate 

necessary antigens to attack tumor and the time it took the tumor to modulate 

immune system for possible evasion. Stability analysis of our delay model revealed 

a switch of the tumor-present steady state from unstable to uniformly 

asymptotically stable for a period (𝜏 < 𝜏𝑛) and unstable thereafter where 𝜏𝑛 is the 

corresponding value of 𝜏 at which bifurcation occurs. Numerical simulations 

validate all the results obtained analytically and further provided a clue on the 

aftermath of tumor evasion. Quantitative solution revealed that at 𝜏 ≥ 𝜏𝑛 effector 

cells deviated from the track and tumor cells escape and growth independent of 

interaction. This informed us of possible Mismatch kind of DNA damage see Fig 3. 

Results of our work exhibit a non- oscillatory solution in conformity to biological 

hypotheses. Biologically, our results revealed that the tumor becomes malignant 

when the immune system interaction accounted for a lesser death rate compared 

with tumor proliferation rate. In our next work, we shall include Thermotherapy 

to energize effector cells and complement in tumor elimination. 
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