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Abstract 

iochemical oxygen demand (BOD5) 

which is a key priority water quality 

parameter that must be tested in any 

produced water before it can be discharged, 

takes five days to complete its analyses, which 

may affect operations of the facility when 

decisions need to be taken, hence the need for 

models to predict its values using already 

established data from the same treatment 

plant. MRL is one of such models that have 

been used; however its strength is relatively 

low.  Thus the need to improve on it (strength 

of MLR), we proposed regression with arima 

errors (ARIMAX). To investigate the 

performance of the proposed model, we 

compared Multiple Linear Regression (MLR) 

and Regression with Arima Errors (ARIMAX) in 

the prediction of 

BOD5 by statistical 

measurements which 

are RMSE, MAPE and 

MAE. Achieving our 

objectives of study, 

five water quality 

parameters were 

used i.e. COD, DO, 

temperature, pH and 

conductivity.  This 

study was carried out 

using MLR and 

ARIMAX model with 

R software package. 

The results showed 

that our proposed 

model can improve 

the performance of 

the model as 

compared to Multiple 

Linear Regression 
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(MLR) due to smaller errors generated; error 

reduced, and increased correlation coefficient 

for all parameters in RMSE, MSE and MAE 

respectively. Thus, this result indicated that our 

proposed model is 

efficient and more 

precise than MLR.  

 

Introduction 

ater bodies are constantly used as receptacles for untreated 

waste water or poorly treated effluents accrued from 

industrial activities. This may render the water bodies 

unsuitable for both primary and/or secondary usage (Attiogbe et al., 

2007). This disposal practice constitutes potential or severe pollution 

problems to the water bodies since the effluents contain organic 

compounds that require oxygen for degradation (Sarfo-Afriyie, 1999).If 

water of high organic matter content or biochemical oxygen demand 

(BOD) value flows into a river, the bacteria in the river will oxidize the 

organic matter consuming oxygen from the water faster than it dissolves 

back in from the air. If this happens, fish will die from lack of oxygen, a 

consequence known as fish kill. The cleanliness of lakes, rivers and 

oceans is one of the pressing goals for environmental protection. The 

balance of nature depends, therefore, on the comprehensiveness of the 

approach to solve the problem of wastewater disposal. Since the 

management of river water quality is a major environmental challenge, 

monitoring different sources of pollutant load contribution to the water 

bodies is quite a difficult, laborious and expensive process which 

sometimes leads to analytical errors also. In order to achieve a better and 

efficient control over the management of water quality, mathematical 

tools can be used that are based on recorded data from past observation 

of some basic parameters of wastewater discharges during a period of 

treatment plant operation. Multiple Linear Regression (MLR) model is 

one of such models used to predict such parameters from established 

data set. 

Multiple regression analysis involves a number of independent 

parameters at the same time for predicting the significance of a 

dependent parameter in this case is the BOD5. It a is commonly used 

technique to obtain a linear input output model for a given dataset. 

(Sahoo, et al., 2009, Torres-Palenzuela, et al., 2005).In the theoretical 
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model, several assumptions are made about the explanatory variables 

and the error term.  

• The independent variables should not be highly correlated 

with each other (no multicolinearity) 

• The error terms should be uncorrelated over time. 

• The error terms should be identically (normally) distributed 

with mean zero and constant variance. 

 

When these assumptions are satisfied, the estimators are unbiased and 

have minimum variance among all linear unbiased estimators. However, 

some of the assumptions of the regression model are, however, 

frequently violated, especially when applied to time series data. If they 

are, ARIMA models can be used to model the information they contain. 

The resulting model is then a combination of a multiple regression and 

an ARIMA model in the error terms (ARIMAX). This should enable us to 

obtain more reliable estimates for the effect of the explanatory variables 

on the dependent variable. The focus of this paper was to develop a 

Regression with Arima Errors (ARIMAX) model to predict water quality 

time series data (BOD5) and assess its performance relative Multiple 

Linear Regression (MLR) models.  

 

Material and Methods 

 

Study Area and Data 

The data for this study was generated by an oil and gas consultancy firm 

that actually carried out the field and laboratory work which involves 

collection of weekly effluent samples (Produced water) for the analysis 

of principal parameters BOD5, COD, DO, conductivity, temperature, etc. 

using the standard method for the examination of water and waste 

water (APHA, 1998) from a flow station located between Longitude 

4o34.276 and Latitude 8o 25.557 at the Gulf of Guinea. 

Six water quality parameters, biochemical oxygen demand (BOD5), 

dissolved oxygen (DO), temperature, pH, conductivity and chemical 

oxygen (COD) time series data, were used in this paper to examine the 

performance of the proposed model. The water quality data (five years, 
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total of 260 observations) were divided into two data sets. The first data 

set containing former 4-year (2007-2010) records was used as the 

training data for model development; the second data set containing the 

remaining year (2011) record was used as the testing data to evaluate the 

performance of the established models. In this paper, only 52 data points 

from the test data set for forecasting is considered. All the models were 

built using the Times Series Forecasting System tool of the R software 

packages.  

 

Multiple Linear Regression (MLR) 

Multiple Linear Regression expresses the relation between dependent 

variable y and more independent variable (x1, x2, x3,…….xp). Linear 

regression simply has one dependent variable which varies with one 

independent variable. However, when we need to explain about the 

dependent variable with two or more independent variables we need to 

use multiple linear regression. The multiple linear regression model as in 

Equation (1) is as follow: 

 
Where, β is the coefficient of parameters, y and x are dependent and 

independent 

variables respectively, while ε i.e. error term. 

 

In the study, the multiple linear regression equation fitted to the weekly 
produced water quality parameters treating one as dependent 
parameter and five others as independent parameters are given below 
in generalized form 

Y =  o  +  1X1 + 2X2 +  …….  + 6X6  +     (2) 

 

Where  o = Intercept, 

1 = regression coefficient of ith independent parameters ( i=1,2,….,6), 

   = error term, 

Xi = ith produced water quality parameters. 

 

Regression with ARIMA Errors (ARIMAX) 

In the previous section, the multiple regression model was described, 

together with possible problems that should be taken care of in order to 
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benefit from the desirable properties of the estimators. When regression 

is applied to time series data, the error terms are often auto correlated. 

If they are, ARIMA models can be used to model the information they 

contain. The resulting model is then a combination of a multiple 

regression and an ARIMA model in the error terms. This should enable us 

to obtain more reliable estimates for the effect of the explanatory 

variables on the dependent variable. Assume a regression model with 

one explanatory variable, denoted as Yt = â0+â1X1,+Nt. Suppose further 

that the error terms are auto correlated, and that they can be 

appropriately described by an ARMA(1,1) process. This model can then 

be written as:  

Y t  = β0+β1X1+Nt,       (3) 

 

 Where (1– 1B)Nt  = (1– θ1B)at, and at is assumed to be white noise. 

Substituting the correction for the error term into the regression 

equation gives: 
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Performance Evaluation Criteria of Comparison 

In this paper, linear models were used in the data sets. According to the 

error of estimation, the smaller the error, the higher the accuracy of the 

data. The performance criteria evaluation model to measure the error of 

data as well as error reduction is as follows 

        

Root mean square error (RMSE):   
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=
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N
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i PO
N 1

1

       (7) 

 

Where N is the number of data, Oi observed values, Pi predicted values at 

time i and the bar denotes the mean of the variable. For the best 

prediction, the RMSE, MAPE and MAE values should be small i.e., close 

to 0. The recital of water quality parameters forecasting models had 

been evaluated on the basis of R packages 

 

Results and Discussion 

Biochemical oxygen demand (BOD5) water quality time series data was 

used in this study to examine the performance of the proposed model. 

The water quality data (five years, total of 260 observations) were 

divided into two data sets. The first data set containing former 4-year 

(2007-2010) records was used as the training data for model 

development; the second data set containing the remaining year (2011) 

records was used as the testing data to evaluate the performance of the 

established model. All the models were obtained using the Times Series 

Forecasting System tool of the R software packages. 

 

The BOD5 model results 

 BOD is the amount of oxygen used by aerobic microorganism to break 

down the organic matters into more stable form (Cox, 2003). It measures 

an approximate amount of biodegradable organic matter present in 

water and serves as an indicator parameter for the extent of water 

pollution. The BOD of any aquatic system is the foremost parameter 

needed for assessment of the water quality as well as development of 

management strategies for the protection of water resources (Singh et 

al., 2009).  

In the first step, the data set for BOD5 were fitted using multiple linear 

regression model `to predict the weekly BOD5 as dependent parameter 

taking the other weekly independent parameters as Chemical Oxygen 

Demand (COD), Dissolved Oxygen (DO). The most significantly 

contributed parameters are selected using forward stepwise selection 
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having the smallest BIC value (see Table 1). The best fit multiple 

regression models is given below: 

 

BOD = 98.0893 + 0.4630COD– 16.8979DO+   (8) 

The parameters temperature, pH and conductivity seem to have least 

control over BOD5 and hence did not appear in the proposed multiple 

regression models 

 

Table 1  The best subset with BIC values for weekly BOD5 parameter 

prediction 

Number of variables Best Subset BIC 

1 COD -89.476 

2 COD, DO -145.541 

3 COD, DO, TEMP -145.042 

 

In the second step, the residuals from the MLR model were modeled by 

using ARIMA.  The resulting model is then a combination of a multiple 

regression model and an ARIMA model in the error terms represented in 

equation (9) 

 

BOD5 = ARIMA(1,0,2) + 93.222825 + 0.05073485(COD) – 16.7291(DO) +             (9) 

 

ARIMA (1, 0, 2) is an ARIMA model with autoregressive of order 1, without 

integration, and with a moving average of order 2, represented by 

equation 10.  

 

ttttt ewwXy +−+−= −−− 211 132368.0615205.0902672.0     (10) 

 

The residuals from MLR,  is stationary so we do not require any 

transformation in the data set. Then, the autocorrelation function (ACF) 

and partial autocorrelation function (PACF) of the residuals were used to 

estimate the values of ‘p’ and ‘q’ of the ARIMA model. Using an iterative 

model building process of identification, estimation, and diagnostic 

checking, we found an ARIMA (1, 0, 2) model as the best fit model. 
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Table 2 gives the comparative performance of MLR and Regression with 

Arima Errors (ARIMAX) models for predicting BOD5 data. The 

comparison of the observed values and those estimated by the ARIMAX 

model for BOD5 data set were plotted in figure 1. 

 

Table 2. Comparative performance of MLR and ARIMAX models (BOD5 

data) 

Model RMSE MAE MAPE 

MLR 27.220180 23.311300 25.680630 

ARIMAX 26.827010 22.763530 23.917430 

 

 
Figure 1. Comparison of the observed values and those estimated by the 

ARIMAX model               (BOD5) data 

 

Comparison with other models 

In order to assess the ability of the ARIMAX model relative to MLR model, 

the MLR model was constructed for the same time series data (BOD5). 

From the MLR models, which were examined with the aim of describing 

the time series and producing a prediction, BOD = 98.0893 + 0.4630COD– 

16.8979DO+  model was found to be appropriate for the BOD5 data. 

This model present good forecasting accuracy, with regards to the 

MAPE, MAE and RMSE  values for the test data set:  BOD = 98.0893 + 

0.4630COD– 16.8979DO+  model for BOD5 data— MAPE 25.68% and 

RMSE 27.220%.   The MLR used in this case showed good adaptability for 

the same time series. The performances of MLR for BOD5 data in terms 

of the performance indices are presented in Table 3.  From Table 3, one 

can see that the ARIMAX model yielded more accurate results than MLR 

model used separately. For BOD5 data, the percentage improvements of 
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the ARIMAX model over MLR in term of RMSE, MAE and MAPE were 

1.46%, 2.41% and 7.17%, respectively.  

 

The overall prediction results of above mentioned models and 

improvement percentage of the ARIMAX model in comparison with MLR 

were summarized in Table 3. 

 

Table 3. Percentage improvement of the ARIMAX model in comparison 

with MLR  (BOD5 

data). 

Model RMSE% MAE% MAPE% 

MLR 1.46 2.41 7.17 

 

The results indicated that the ARIMAX model performed well for 

predicting of BOD5. It is clearly known that the ARIMAX is able to predict 

the BOD5 with a high degree of accuracy as compared to the MLR model. 

In conclusion, ARIMAX approach can produce the better prediction of 

BOD5 in the produced water than the MLR modeling approach. 

 

Conclusion 

A Regression with Arima Errors (ARIMAX) model was developed to 

predict biochemical oxygen demand (BOD5) using continuous weekly 

data of water quality parameter from a produced water treatment plant. 

The ARIMAX modeling technique’s application for dynamic water quality 

prediction was presented in this study.  An assessment on the 

performance of the ARIMAX modeling approach is proposed to predict 

BOD5 water quality parameter. To examine the ARIMAX model 

performance compared to MLR, statistical measurements such as RMSE, 

MAPE and MAE were used. The results are as follows: The MLR model 

provided accurate prediction for the parameter (BOD5). However, 

ARIMAX model revealed that this approach performs better in predicting 

BOD5. The accuracy measures RMSE, MAPE and MAE proved that the 

ARIMAX provided much better accuracy over the MLR methods for the 

prediction of BOD5 parameter. The results with BOD5 data set showed 

that the ARIMAX model has better adaptability and can subsequently 

make better predictions compared to both the MLR model 
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independently. The good performance indicated that the ARIMAX model 

can be an effective tool to improve the prediction accuracy obtained by 

MLR models used separately. 
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