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Abstract: 
Spectral analytic techniques have been employed by econometrician only recently. This is rather  
surprising  since  most  economic  and econometric  models,  which  are typically  formulated  as  
difference equations, are assumed to exhibit stability; growth results only through exogenous  
variable (forcing functions). In addition, for the typical econometric model it has traditionally  
been asserted - and found empirically quite useful – that its error component constitutes a rather  
low order  auto  regression.  Thus,  the  typical  model  may be  thought  to  constitute  at  least  a  
covariance stationary process to which spectral analytic technique are readily applicable. This  
article is aimed at introducing the use of economics model in spectral analysis. Its application is  
tested on economics, medicals and education.
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Introduction
Most economic time series exhibit fairly persistent cyclical behavior. Thus, for example, if we 
consider the monthly series of U.S (civilian) employment (or unemployment) one observes that it 
fluctuates from a low (high) point in mid-summer. Correspondingly, various output and income 
series exhibit analogous fluctuations. Now, such fluctuations are not precisely regular but are 
sufficiently so, that one may conclude that climatic institutional practices may well account for 
this phenomenon.
Earlier on, the national bureau of economic research (NBER), that studied extensively economic 
fluctuations,  concluded  that  it  is  a  convenient  scheme  to  think  of  economic  time  series  as 
consisting of three “component”: the trend-cycle, the seasonal and the irregular component. In 
the  particular  application  considered here,  due to  Nerlove [10],  the  problem is  to  determine 
whether  the  seasonal  adjustment  procedure  employed  by  BLI  removes  only  the  seasonal 
component, the trend-cycle component corresponds to low frequency components, the seasonal 
to frequencies corresponding to annual cycle and the irregular to all the rest.
During the past decade computer simulation experiments with econometric models have become 
a commonly employed tool for analyzing the behavior of complex economic systems. While 
economists  have  improved  the  estimation  process  and  have  considerably  enhanced  the 
descriptive power of their econometric models, there have been fewer imposing gains made in 
the statistical analysis of the resulting output.
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First, data generated by simulation experiments are usually highly autocorrelated, e.g., GNP in 
period  t is likely to be highly correlated with GNP in period  t - k. It is well known that when 
autocorrelation is present in sample data that the use of classical statistical estimating techniques 
(which assume the absence of autocorrelation) will lead to underestimates of sampling variances 
(which are unduly large) and inefficient predictions. 
Second, "when one studies a stochastic process, he is interested in the average level of activity, 
deviations from this level, and how long these deviations last, once they occur" [10]. Spectral 
analysis provides this kind of information. 
Third,  with  spectral  analysis  it  is  relatively  easy to  construct  confidence  bands  and  to  test 
hypotheses  for  the  purpose  of  comparing  the  simulated  results  of  the  use  of  two  or  more 
alternative economic policies.  Frequently it  is  impossible  to detect differences in  time series 
generated by simulation experiments when one restricts himself to simple graphical analysis. 
Fourth, spectral analysis can also be used as a technique for validating an econometric model of 
an economic system. By comparing the estimated spectra of simulated data and corresponding 
real world data one can infer how well the simulation resembles the system it was designed to 
emulate

Materials and Methods
In this  section,  we intend to  discuss the materials  that are  used as well  as the methodology 
employed in the illustration of the introduced economic mode in spectral analysis.

Spectral Analytical Techniques 
Frequently, there is ample economic justification for considering the model

yt =    WiXt-1 + Ut   (1)
Under a number of restrictive assumption on the sequence of coefficients

{wi :i = 0,1,2,…}
Two of the most common restrictive assumptions are

Wi = αλi, i= 0,1,2,3. . .                                                           (2)
Where λ ≈ N(0, 1)

The chief reason why spectral analytic techniques are useful in the estimation of parameter (plant 
identification) of the models in (1)and (2) is that we are able to specify the stochastic process in 
(5) somewhat non parametrically.
Until recently, the model

Yt= αλixt-1+ut (3)
We assumed to be characterized by a white noise u-process, although much empirical evidence in 
several contexts would seem to indicate a colored process.
The solution of the estimation problem for the model in (10) with u-process assumed to be
covariance stationary is due to hannan [6], and the extension to the general to the general
rational distributed lag model is due to dhrymes [3] and [2]. 
Let us now give an account of the estimation procedure for the case of the model is (10); in
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econometric this is called geometric distributed lag model or the Koyck in the honor of L.M.
Koyck who first hypothesized such a modeling his study of investment in plant and
equipment.
Let us attempt to obtain estimator for the parameter α and λ by minimizing

S* = (y-αx*)’ K-1(y-αx*)           (4)
Where 
y=(y1, y2, . . . . .yt)’,x*=(x1*,x2

*, . . . ,xT
*)’,       xt* =  λixt-1                                      (5)

Such estimators in econometrics are called either Aitken or minimum chi square estimators,  In 
(4) the matrix K is given by

    K = [K (t-t’) t, = t’ 1, 2. . . T, K (t,t’) = E(utut’)                                                     (6)
It being assumed that

E(ut) = 0, all t.                                (7)
Because of covariance stationary the covariance kernel k(•) of the u-process obeys

K(t-t’) = K(t’-t) = k(T), T = |t-T|                                                                  (8)
Under certain mild conditions on the covariance kernel, we can show that there exists a unitary 
matrix

V= (vts), vts = ei (2) ts, t, s = 1, 2 . . . T                                                            (9)
Such that

V*KV ≈ 2 diag [fuu (), fuu() . . . fuu(2)] = D.                                            (10)

This approximation can be made as exact as desired by taking T (the size of sample,
or the length of the record) large enough. To this effect, see Wahba [11] 
Since

K-1 = VV*K-1VV* ≈ VD-1V*            (11)  
We have 
S* = (y-αx*)’ k-1(y-αx*) ≈ (y-αx*)’ VD-1V*(y-αx)                                               (12)

If the spectrum of the u-process is nearly constant over a band of frequencies of length, say, , m = 
[T2] then we can effectively write the minimand as

S = {}        (13)

And fxx,fyy , fxy are the estimate spectral and cross spectral densities of the x- and y-process.
In the above it is assumed, for convenience, that the x-process is also covariance stationary 
and independent of the u-process. This assumption may be removed rather easily without 
Occasioning any complications.
           Minimizing (13) with respect to α and λ we obtain, after some rearrangement,

α[]+ λ [] =  []       (14)
α] +λ                                      (15)
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 Where (•) is the spectral density of 
u = (I - λL) ut(25)
This is, thus, given by,
(θ) = |l-λ|2fuu(θ)                                                                                               (16)
        It would appear that the spectrum of the u-process cannot be estimated and must be known a 
priori before we can obtain estimate of the parameter α and λ. This, however, is not so.

Returning to (10) we see that it implies
Yt = αxt+ λyt-l+ Ut – λut-l            (17)

If the x-process is independent of the u-process, we can form the instrumental variables 
estimator implies by

∑xtyt = α∑x  + ∑xtyt-l           (18)
                      ∑xt-l yt= α∑xtxt-l + λ∑xt-lyt-1

Denote such by and from (17) obtain
U = yt -xt - xt-l                                                                                                                     (19)

But from the residual in (19) we can estimate the spectral ordinates () and, thus, render (14) and 
(15)  quite  feasible  as estimating equations  for the parameter  of the model.  Of course,  these 
equations, even with, replacing, are still highly unclear in (in λ) but the computational burden 
can be lightened by substitution for λ wherever so obtained, say, obey

T[()] – ()] ~ N(o,c-1)    (20)
Where 

            C = APA, APA = ∫(θ)dθ    (21)
                             Β = (1, )’ 
The asymptotic properties of this estimator are not altered if we iterate. Moreover, if we iterate 
we do not know the condition under which the iteration converges.

2.2 The Economics model 
The economic system determines both prices (p) and quantities (q). Some behavioural equations 
are  defined in  terms  of  money magnitude  (p q)  while  others  are  defined in  terms  of  “real” 
magnitude (q). 
Now, suppose that the exogenous variables can be written as

W = m (t) + ⍵                                                                                  (22)
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Where m(t) is some deterministic function which can be estimated from the data and that {⍵ = t 

= 0, ± 1, ±2, . . . } is for simplicity, a sequence of mutually independent  identically distributed 
random vector with 

E(⍵)=0,Cov(⍵) = Ω                                                                        (23)

We may write then 

y = (I-B’)-1C1m(t) +  (I-B’)-1C1⍵ + (I-B’)-1u                           (24)

and it is evident that the dependent variance of the system is expressed as the sum of a systematic 
component, that may well exhibit a trend and account for growth, and a random component. The 
latter consist of two terms, one contributed by the error process of the exogenous variables and 
the other  by the structural errors of the system. Both these terms are outputs of linear  time 
invariant filters with white noise input.
Consequently, the spectral matrix of the endogenous variables is given by

F(θ) = (I-B’)[CC1 + ∑] (I-B’)-1        (25)
Where A(θ), b(θ) are the quantities A(L), b(L) with L replaced by eiθ; in (25) Ā’ is the transpose 
of a matrix whose element are the complex conjugate of corresponding element in A; (θ) is  
simply the complex conjugate of the polynomial (in eiθ) b(θ).
The diagonal elements of the spectral matrix are the spectral densities of the dependent variables. 
If  we determine that such densities exhibit  significant  “peak” at  certain frequencies,  we can 
interpret  this  to  mean  that  the  harmonic  component  of  the  period  corresponding  to  such 
frequencies explain an appreciable part of the variation in the dependent variables. But this is 
another way of saying that such dependent variable contains a “significant cyclical component” 
of a certain period. In this fashion – by NBER and the rather elaborately structural view of the 
economy portrayed in econometric models. In addition to this cyclical aspect, the spectral matrix 
is  useful  in  providing  us  with  information  regarding  the  lead-lag  relation  amongst  various 
endogenous variables.
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Hicks multiplier-accelerator model [11, 8] as an example model. This model has two principal 
attributes. First, it is a relatively simple model and well known to economists. Second, although 
an analytical solution exists for certain special cases of this model, it still possesses many of the 
characteristics  of  more  complex  econometric  models  that  do  not  lend  themselves  to 
straightforward analytical solutions. The model consists of the following parameters, variables, 
and functional relationships. 
Parameters
 b: accelerator coefficient; (26)
 c1: marginal propensity to consume in period t - 1, 0 < c1 < 1;

(27)
 c2: marginal propensity to consume in period t - 2, 0 < C2< 1

(28)
   g: governmental parameter (29)
Identity

   yt: Ct+It+Gt (30)

By substituting the values of  Ct,  It and Gt given by equations (27), (28), and (29) into (30), we 
obtain 

  Yt=Wt-a1Yt-1- a2Yt-2 (31)

Where 

 Wt= Ut+Vt (32)

 a1=-C1+b+g (33)
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 a2=b-C2 (34)

If we assume that national income is measured in terms of deviation Y t from its equilibrium 
value, then the final form of (31) which determines the time part of national income is 

  Y t=Wt- a1yt-1-a2yt-2 (35)

Equation (35) describes a second order auto regression process.

  Yt= k1r1t+ k2r2t+ j=0t-2λjwt-j (36)

Where  r1 and  r2 are the characteristic roots of equation (36),  k1  and  k2 are arbitrary constants 
determined by the initial conditions and λj is given by

λj= r1j+1- r2j+1r1+r2
(37)

The solution for the time path of national income is composed of two parts a transient response 
and a stochastic response. The usual procedure for determining the dynamic properties of the 
solution of difference equation models in economics is to suppress the stochastic part of the 
solution  and to  analyze  only the  deterministic  solution.  This  is  equivalent  to  looking at  the 
expected value of the time path of national income in our model.
If our model were a simultaneous equation model (and no recursive), nonlinear, and of higher 
order than two, then analytical solutions would become increasingly difficult, and the benefits 
from  using  a  computer  to  generate  the  time  paths  of  the  endogenous  variables  increase 
considerably. Although one could clearly perform experiments with our simple example model 
without a computer, it does serve to illustrate many of the experimental design problems which 
are associated with more complex econometric models involving higher order nonlinear systems 
of difference equations.

Conclusion/Recommendation
In particular, viewing the coherencies and gains amongst endogenous (and exogenous) variables 
we may be to obtain information about whether certain cyclical component in one variable lead 
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or lag similar components in other variables. At the moment much is made in NBER and 
U.S. government forecasting of the behavior of so-called “leading indicators”. A more systematic 
way of examining these issues might well is through the spectral matrix. Of course, this matrix is 
easily obtained once the structural parameters, the element of B, C0, C1 have been estimated. The 
exposition  above  follows  Dhrymes  [1]  who  also  gives  a  paradigmatic  example  of  a  three 
equation  model  of  the  U.S.  economy.  A resent  application  to  a  linearized  version  of  the 
somewhat larger Klein-Goldberger [9] model is given by Howrey [8]. Unfortunately, he does not 
consider the contribution of the exogenous variables in the spectral matrix of (25).
Application of such techniques to existing econometric model is hampered by a not sufficiently 
widespread  knowledge  of  such  elementary  aspects  of  time  series  analysis  among 
econometricians,  and  the  fact  that  econometric  models  are  rather  nonlinear  and  the 
corresponding theory for such nonlinear system has yet to be developed or imported into the 
literate of econometrics. The proposed economics model can be useful in economic, medical, and 
educational application.
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